We prove a generalization of the Capelli identity. As an application we obtain an isomorphism of the Bethe subalgebras actions under the (gl N , gl M ) duality.
Introduction
Let A be an associative algebra over the complex numbers. Let A = (a ij ) n i,j=1 be an n × n matrix with entries in A. The row determinant of A is defined by the formula rdet(A) := σ∈Sn sgn(σ)a 1σ1 · · · a nσn . Let x ij , i, j = 1, . . . , M, be commuting variables. The classical Capelli identity [C1] asserts the following equality of differential operators:
(2)
This identity is a "quantization" of the identity
for any matrices A, B with commuting entries.
The Capelli identity has the following meaning in representation theory. Let C[X] be the algebra of complex polynomials in the variables x ij . There are two natural actions of the Lie algebra gl M on C[X]. The first action is given by operators from (1), and the second action is given by operators E ij = M a=1 x ai ∂ aj . The two actions commute and the corresponding gl M ⊕ gl M action is multiplicity-free.
It is not difficult to see that the right-hand side of (2), considered as a differential operator on C[X], commutes with both actions of gl M and therefore lies in the image of the center of the universal enveloping algebra U gl M with respect to the first action. Then the left-hand side of the Capelli identity expresses the corresponding central element in terms of U gl M generators.
Many generalizations of the Capelli identity are known. One group of generalizations considers other elements of the center of U gl M , called quantum immanants, and then expresses them in terms of gl M generators; see [C2], [N1], [O] . Another group of generalizations considers other pairs of Lie algebras in place of (gl M , gl M ), e.g., (gl M , gl N ), (sp 2M , gl 2 ), (sp 2M , so N ); see [MN] , [HU] . The third group of generalizations produces identities corresponding not to pairs of Lie algebras, but to pairs of quantum groups [NUW] or superalgebras [N2] .
In this paper we prove a generalization of the Capelli identity that seemingly does not fit the above classification.
Let z = (z 1 , . . . , z N ), λ = (λ 1 , . . . , λ M ) be sequences of complex numbers.
be the corresponding diagonal matrices. Let X and D be the M × N matrices with entries x ij and ∂ ij , i = 1, . . . , M, j = 1, . . . , N, respectively. Let C[X] be the algebra of complex polynomials in variables 1, . . . , M, a = 1, . . . , N.
In this paper we prove that N a=1
The left-hand side of (3) is an M × M matrix, while the right-hand side is an (M + N ) × (M + N ) matrix.
